Introduction
In [7] the integral domains D+XDs [X] , where D is an integral domain, S is a multiplicative set of D and X is an indeterminate, were introduced and studied. Particular emphasis was placed on the transfer, from D to 7'? = D + XDs [Xl, of the properties of being either Prtifer, Bezout, GCD, or coherent domains. The prime ideal structure of T"' was also studied, and some useful bounds on the (Krull) dimension of T(') were given. However, the problem of the determination of this dimension in the general situation, as a function of S and of the dimensions of D and D [X] , remained open.
In the present paper, we deal with a more general situation: we consider the domain D(s+=D+ (&,& )...) X,)D,[X,,X* )..., X,]=D+XD, [X] where D is an integral domain, S a multiplicative set of D and X= {Xi, X2, . . . ,X,} is a finite set of indeterminates over Ds. We notice that, as in the case of one indeterminate, the domain D(s,r) may be described in various ways: it is the direct limit of the direct system of domains we can claim that many properties hold in DC"", because these properties are preserved by taking polynomial ring extensions and direct limits or by pullbacks of the special type (0).
Similarly, as remarked in [7] , it is possible to describe DC"') as the symmetric algebra of the D-module 09' (using [t, Chapitre III, p. 73, Proposition 9]), but we will not use this last property in this paper.
The purpose of this work is to pursue the study, initiated by [7] when r = 1, of the prime ideal structure of the domain D (STr) The and y'ly (resp., yly") imply that y'~ 3Y (resp., y"~ 3).
Prime ideal structure
We start collecting some basic facts concerning the prime ideal structure of
Most of these are consequences of the general properties of pullback diagrams studied in [S] .
We denote by u : = 'a, : Proof. The proof of the statements (l), (2) and (3) is straightforward.
For the first claim of (5) (ii) = (i). We start with the case of strong S-domains.
. , Y, be a finite set of indeterminates over a given domain DC"". Then, the polynomial ring D'""[ Y,, Y2, . . . , Y,] is canonically isomorphic to (D[Y,, . . . . Y,])@,').
Let Pi and P2 be two prime ideals of D("" with P, C P2 and ht(PZ/P1) = 1. Three cases are theoretically 
. , X,] is a strong S-domain (resp., a catenarian domain), then D(s') is a strong S-domain (resp., a catenarian domain). 0
We will show (Example 2.7) that the converse of Corollary 2.4 does not hold in general, however it is possible to prove a 'universal' converse of the previous corollary.
Theorem 2.5. With the notation of Section 0, and rz 1, the following statements are equivalent: (i) D("') is a stably strong S-domain (resp., a universally catenarian domain); (ii) D is a stably strong S-domain (resp., a universally catenarian domain).

Proof. (ii) a (i). As a matter of fact, if for every n 2 1, D[ Y,, . . . , Y,] is a strong S-
domain (resp., a catenarian domain), then the conclusion follows from Corollary
2.4, after recalling that (D[Y,, . . . . Y,])(s~"=D'sT"[Y,, . . . . Y,,] (cf. Proposition 1.5). (i) a (ii). For every nz 1, we know that
D'""[Y, ,..., Y,J/(X ,,..., Xr)D,[X ,,..., Xr, Y, ,..., Y,JsD[Y, ,..., Y,]
thus the claim is a consequence of the fact that the notion of strong S-domain (resp., catenarian domain) is stable under passage to quotient-domains. 0
The previous theorem leads to a further non-standard class of universally catenarian domains (besides those considered in [4] 
bull dimension and valuative dimension
In order to study the Krull dimension of Des,"), we begin by giving some new definitions, related to the S-dimension introduced in [7] , with the purpose of obtaining some useful bounds on the Krull dimension of T('):=D('* '). Recalling the notation of Section 1, we identify for simplicity 2X, 9 and $2 with their canonical images (respectively, Z', 9' and y') in 96 (cf. Theorem 1.1).
We define the S-coheight of a prime PE 9k by
S-coht(P):=sup(t?O:
P=P,CP,C**.CP,,
where PiEZ\gfOr
i21},
and we set S-dim(D): = sup{ S-coht(P): P E K}.
Obviously, S-coht(P) I coht(P) for every P E Zf; moreover for r = 1, the previously defined S-dimension coincides with that introduced in 171. . ..X.l, we give some bounds for dim(D@,')) analogous to those proved in [7] when r= 1. Proof. Let ME Max(D csr)) By Theorem 1 .l, two cases are possible: . Case 1. ME Zf (with the notation of the beginning of this section). In this case, ht(M) I dim(D, [Xl) and there exists a maximal ideal A?E Max(D("')) with A?E 9 such that ht(A& = dim(Ds [Xl).
Case 2. ME Z (with the notation of the beginning of this section), that is, M>XDs [X] .
In such a case, we know that every chain of prime ideals of D(',') contained in A4 contains a prime ideal QE$' (Corollary 1.3). Therefore, the supremum of the length of the chains of prime ideals ending at a maximal ideal ME 5~ coincides with:
Before giving some important cases for which it is easy to compute ydim(D[X,, . . . . X,]), we draw some consequences from the previous theorem: We end the paper with a result which allows one to compute the 9 dim(D[X,, . . . , X,]) in an important case. 
